Abstract. A problem about a uniform estimate for a continuous segment function in terms of a polynomial strip is considered. The problem reduces to a convex programming problem the target function of which is equal to the sum of the target functions for the inner and outer estimate of the same segment function via a polynomial strip. Convex analysis tools are used to obtain necessary and sufficient conditions for being a solution, and also uniqueness conditions in a form resembling the Chebyshov alternance.
Introduction
Approximation and estimation of many-valued maps can be viewed as a field of research within the nonsmooth analysis (see [1, 2, 3, 4, 5] ). As a simplest example of a many-valued map, we mention the segment function (s.f.), i.e., a map assigning a segment of the real axis to each value of its argument. As an object for approximation or an object to be used in a problem setting, the segment function of one variable have been employed for a long time. For example, the problem of approximation of the graph of an s.f. by the graph of a polynomial of a given degree (in the Hausdorff metric of the 2-dimensional space) was considered by Sendov in [6] and also by other authors (see the references in [6] ). Also, the "water snakes" problem (see [7, 8] ) has long been known, which consists in finding polynomials of a given degree n the graphs of which lie in the graph of an s.f and touch the lower and upper boundary of the latter graph n + 1 times alternately (as the argument grows). In the paper [9] , the problem was treated about the construction of a polynomial strip of minimal width (with respect to the ordinate) that contains the graph of a given s.f.
In this paper, we deal with the problem of finding a uniform estimate on a segment for a continuous s.f. by a simpler s.f. whose graph is a strip of constant width (with respect to the ordinate) with axis given by a polynomial of a given degree.
Our goal is to obtain necessary and sufficient conditions for a function to solve this problem, and also uniqueness conditions in a form resembling the Chebyshev alternance.
The plan of the paper is as follows. In §1 we formalize the problem mathematically and compare it to some known problems. Also in §1, we formulate problems about the inner and outer estimates of an s.f. by a polynomial strip; the results of [9] concerning this problem will be used in the present paper. In §2, our problem is reduced to a convex programming problem the target function of which is the sum of two convex target functions corresponding to the problems on inner and outer estimates of the same s.f. by a polynomial strip. This allows us to state a criterion for solution of the problem under study in terms of convex analysis and to prove the existence of a solution. We employ the specific features of the subdifferential of our target function to obtain necessary ( §3) and sufficient ( §4) conditions for a function to yield a solution, while in §5 we present uniqueness conditions in a form resembling the Chebyshev alternance. In §6 we give some illustrative examples. §1. Setting of the problem Let an s.f. F (t) = [f 1 (t), f 2 (t)] be given on a segment [c, d] by two continuous functions f 1 (t) and f 2 (t) such that f 1 (t) ≤ f 2 (t) for all t ∈ [c, d] . In what follows, we denote by P n (A, t) = a 0 + a 1 t + · · · + a n t n the polynomial of degree n with the coefficient vector A = (a 0 , a 1 , . . . , a n ). The main object for us will be the problem (1.1) ϕ(A, r) ≡ max t∈ [c,d] max{|f 1 (t) − P n (A, t) + r|, |f 2 (t) − P n (A, t) − r|} → min
Here, the quantity max{|f 1 (t)−P n (A, t)+r|, |f 2 (t)−P n (A, t)−r|} expresses the Hausdorff distance between the segment F (t) and the segment Φ(A, r, t) = [P n (A, t)−r, P n (A, t)+r], where r ≥ 0. Thus, problem (1.1) deals with the best approximation, uniform on [c, d], of the s.f. F (t) by a simpler s.f. Φ(A, r, t) the graph of which is a polynomial strip of width 2r with the axis P n (A, t).
If f 1 (t) ≡ f 2 (t), t ∈ [c, d], then, obviously, problem (1.1) reduces to the Chebyshev problem on uniform approximation of a continuous function by a polynomial of a given degree. Problem (1.1) can be associated with the problem on approximation of the graph of an s.f. by the graph of a polynomial in the Hausdorff metric of the 2-dimensional space, treated by Sendov in the book [6] and also by other authors (see the references in [6] ). In the present paper, for problem (1.1) it is important that the target function ϕ(A, r) is convex with respect to the variable (A, r) on R n+1 × R + , which allows us to use the tools of convex analysis. The example in [6, Chapter IV, §4.1] shows that the problem considered in [6] is not a convex programming problem, under the specific choice of the Hausdorff metric [6, Chapter 2, §2.2] .
We shall need some results pertaining to the following problems:
The geometric meaning of problem (1.2) is in finding a polynomial strip of the smallest width (with respect to the ordinate) that contains the graph of an s.f. F (·) on the segment [c, d] . If a coefficient vector A * solves problem (1.2), then the graph of the polynomial P n (A * , ·) gives the axis of the required strip, and its width is 2ρ(A * ). We call (1.2) the outer estimate problem, it was considered in [9] , where criteria of its solvability were obtained, together with some uniqueness conditions for its solution.
Problem (1.3) has geometric interpretation of its own. Namely, if an s.f. F (·) admits at least one polynomial selector (this can be assumed without loss of generality, see [9] ), then in problem (1.3) it is required to construct a polynomial strip of maximal width contained in the graph of F (·). We call (1.3) the inner estimate problem.
Compared to problems (1.2) and (1.3), problem (1.1) can naturally be called the uniform estimate problem.
It should be noted that outer and inner estimates for many-valued maps (m.-v.m.) were studied in many publications (see, e.g., the ellipsoidal estimates in [10, 11] ). There are a few papers devoted to uniform estimates (uniform approximation) of an m.-v.m. on a given set. In [12] , the uniform approximation problem was considered for a constant convex-valued map given on a segment. In [13] , approximation was realized by constant ball-valued maps. If the role of an m.-v.m. to be approximated is played by an s.f., then the problems treated in [12] and [13] turn into problem (1.1) with n = 0. §2. Reduction to a convex programming problem
In this section, we reduce problem (1.1) to a convex programming problem with simpler formulation and without the parameter r. Also, we state a criterion for being a solution in the language of convex analysis and prove the existence of a solution.
Lemma 2.1. For any A ∈ R n+1 and r ≥ 0, we have
Proof. Indeed, we have 
Proof. By (2.1), we can write problem (1.1) in the form
For any fixed A ∈ R n+1 , the minimal value of ϕ(A, r) with respect to r ∈ R is attained at r = r(A), where
. Therefore, we always have r(A) ≥ 0. Substituting this quantity for r, we arrive at the simple relationship
which shows that problem (2.3) and, hence, problem (1.1) are equivalent to problem (2.2).
It is easily seen that the functions ρ(A) and π(A) are convex and finite on R n+1 . This allows us to use Theorem 2.1 to state the following criterion for being a solution of problem (1.1) in terms of the subdifferentials ∂ρ(A) and ∂π(A) of the functions ρ(A) and π(A).
. Using Theorem 2.1 and formula (2.5), we get Arg min
In [9] it was shown that the lower Lebesgue sets G ρ (α) of the function ρ(A) are compact and convex. By analogy, it is not hard to check that the same is true also for the sets G π (γ). This implies that the set G(γ) is compact, because the convex and finite functions ρ(A) and π(A) are continuous. Since the function ϕ(A, r) is continuous and
which is a consequence of (2.6), it follows that problem (1.1) admits a solution. Remark 2.1. As was mentioned in §1, the quantity ρ(A) is half the minimal width of a polynomial strip with the axis P n (A, t) that contains the graph of the s.f. F (t). If P n (A, t) ∈ F (t) for t ∈ [c, d], then the quantity π(A) is half the maximal width (with the minus sign) of a polynomial strip contained in the graph of F (t). There is no loss of generality in assuming that the condition stated above is satisfied. This follows from the fact that the approximation problem for the new s.f. p
, where α > 0, remains equivalent to problem (1.1).
Therefore, problem (2.2) and, hence, problem (1.1) can be viewed as constructing a polynomial layer of minimal width that contains the boundary of the s.f. F (t), i.e., the graphs of f 1 (t) and f 2 (t). In other words, we need to embed the graph of f 1 (t) in a polynomial strip of minimal width of the form [
and simultaneously, the graph of f 2 (t) should be embedded in the polynomial strip
Observe yet another interpretation of problem (1.1). Its target function can also be written in the form
where g 1 (t, r) = min{f 1 (t) + r, f 2 (t) − r}, g 2 (t, r) = max{f 1 (t) + r, f 2 (t) − r}. Therefore, comparison to (1.2) allows us to view problem (1.1) as the construction of a polynomial strip of minimal width that contains the graph of the s.f. G(t, r) = [g 1 (t, r), g 2 (t, r)], by using the additional possibility of the vertical shift of the graphs of f 1 (t) and f 2 (t) by r. §3. Necessary conditions for being a solution
The inclusion (2.4) is a criterion for being a solution of (1.1) in the language of convex analysis. In this section we use the specific nature of the subdifferentials of ρ(A) and π(A) to obtain necessary conditions for being a solution of problem (1.1) in a form comparable to the Chebyshev alternance.
3.1.
We present some auxiliary information. Introduce the sets
. In the paper [9] , these sets and also the subdifferential calculus (see [1, 2, 3, 5] ) were employed for obtaining a formula for the subdifferential of the function ρ(A):
where co D means the convex hull of a set D, and ξ ρ (A, t) is a function many-valued for some t. This function is defined on R ρ (A) by the formula
, we can easily get a formula for the subdifferential of the function π(A):
where ξ π (A, t) is the following many-valued function defined on R π (A):
Note that if the graph of the s.f.
Let T ⊂ R be a set on which a many-valued function ξ(·) : T → 2 R is defined. The next lemma is a generalization of a statement in [14, Chapter VI, §8] .
is fulfilled if and only if one of the following conditions is satisfied:
Proof. The "only if " part. Suppose (3.5) is true. By the Carathéodory theorem (see [2, Chapter I, §1]), there is a collection of n + 2 points
We assume that the collection T 0 is ordered:
Suppose that condition 1) is not fulfilled. Then η(t i ) = 0, i = 1, . . . , n + 2. We prove that T 0 and η(t) satisfy condition 2).
Indeed, otherwise the collection T 0 can be split into m ≤ n + 1 disjoint and consecutively located collections T 0 = k=1,...,m T k such that the function η(t) keeps its sign, but changes it when passing to the next collection T k . Now we pick arbitrary points
and consider the polynomial
..,m are its zeros, it keeps its sign on each of the sets T k , and it changes the sign when passing from T k to T k+1 . Thus, assuming for definiteness that m is even, we have
Therefore, since the behavior of the selector η(t) on the collection of sets T 0 is synchronized with that of the polynomial P m−1 (B, t), from (3.7) we deduce that
provided α i > 0 (we assume that η(t 1 ) > 0 for definiteness). But among the nonnegative numbers {α i } i=1,...,n+2 these is at least one positive α i ; consequently, (3.8) implies
Since m − 1 ≤ n, this contradicts (3.6), proving the "only if" part.
The "if " part. Suppose condition 2) is fulfilled. We prove that
Suppose this fails. Since the set D is closed, the separation theorem (see [1, Chapter I, §2] ) shows that there is a vector A = O n+1 such that
Then, since the elements
Assuming that η(t 1 ) > 0 for definiteness and recalling that the signs of η(t) at the points {t i } i=1,...,n+2 are alternating, from (3.11) we deduce that (−1) i P n (A, t i ) < 0, i = 1, . . . , n + 2. Thus, the polynomial P n (A, t) of degree m − 1 ≤ n changes its sign n + 1 times at some points located consecutively. Therefore, it has at least n + 1 zeros, which is impossible because A = O n+1 . This proves (3.9) and, with it, (3.5).
The fact that condition 1) is sufficient is obvious. The lemma is proved.
3.2. Now we state necessary conditions for being a solution. For this, we denote
and give the following definition.
Definition 3.1. We say that the ρπ-alternance occurs for a coefficient vector 
Using Lemma 3.1 and (3.13)-(3.14), we conclude that relation (3.12) is fulfilled if and only if either R 3 (A * ) = ∅ or the ρπ-alternance occurs for A * . The theorem is proved.
Remark 3.1. In general, the above necessary conditions are not sufficient, because they realize (interpret) relation (3.12), which is weaker than (2.4) (see Examples 6.1 and 6.2).
3.3. Now we want to estimate the range of the possible values of the optimal strip's width for problem (1.1), assuming that we know the solutions of the simpler problems (1.2) and (1.3). We put 
Proof. Consider the function
Since the functions ρ(A) and π(A) are convex and finite on R n+1 , it follows (see (2.1)) that the function ϕ(A, r) is convex and finite on R n+2 . Consequently (see [2, Chapter I, §4]), the function f (r) is convex and finite on R + . Recalling the definition of f (t) and formula (2.1), we see that
On the other hand,
Inequalities (3.17)-(3.18) imply that
and from (3.17) and (3.19) we get
Thus, the convex function f (r) decreases linearly on the segment [0, (ρ * − π − )/2], and increases linearly for r ≥ (ρ − − π * )/2. Consequently, its minimal value is attained at some r belonging to the segment [(ρ
, and the claim follows. §4. Sufficient conditions for being a solution 4.1. We introduce the auxiliary notation
then there exists a vector A * = O n+1 such that the following relations are true:
Proof. The sum of the compact convex sets ∂ρ(A) and ∂π(A) is convex itself. Therefore, by the separation theorem (see [1, Chapter I, § 2]), (4.1) implies the existence of a vector
Obviously, formulas (3.1)-(3.4) for the subdifferentials of ρ(A) and π(A) can be written in the form
, substitution of the corresponding elements of (4.7), (4.8) in inequality (4.6) yields (4.3)-(4.5). The lemma is proved.
The following simple fact should also be mentioned. 
We say that the π-alternance occurs for a coefficient vector A if there exists a collection t 1 < t 2 
i }, i = 1, . . . , n + 1, such that the following conditions are satisfied: 
Consider the behavior of the polynomial P n ( p A, t) on a collection of pairs {t
1 ).
Since t
shows that the first point t
2 of the next pair lies in
, and if
2 ∈ r R ρ 1 (A * ). In any case, we can apply (4.11) or (4.12) to get (4.14)
2 ). Continuing in the same way, we arrive at the inequalities
3 ), 
n+1 ). 
i ]}, i = 1, . . . , n + 1, are located consecutively, the neighboring segments may intersect, and for each triple of neighboring segments the first segment is disjoint with the third. Therefore, under condition 3) the system of inequalities (4.13)-(4.15) shows that for the polynomial P n ( p A, t) we have at least n + 1 consecutive intervals on which this polynomial is monotone increasing or decreasing alternately. This contradicts Lemma 4.2. The theorem is proved. Now we use Theorem 4.2 to obtain some tougher sufficient conditions, but in the form comparable to the necessary conditions (see Theorem 3.1) and also to Chebyshev's alternance.
Definition 4.3.
We say that the strict ρπ-alternance occurs for a coefficient vector A ∈ R n+1 if in the set R(A) there exists a collection of points t 1 < t 2 < · · · < t n+2 such that the following conditions are satisfied:
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Then it is easy to show that the collection of pairs {t Remark 4.2. Condition 1) in Definition 4.3 is fulfilled if and only if the Chebyshev alternance occurs for the function f 1 (t) relative to the polynomial P n (A, t) − r, where r = (ρ(A) − π(A))/2, so that P n (A, t) − r is the best Chebyshev approximation for f 1 (t). Accordingly, condition 2) talks about the Chebyshev alternance for f 2 (t) relative to P n (A, t) + r.
4.3.
We present (somewhat degenerate) situations when our sufficient conditions can simultaneously be necessary.
Lemma 4.3. Let X and Y be closed nonempty subsets of the segment [c, d], and let
X ∩ Y = ∅. The relation (4.16) O n+1 ∈ co{(1, x, . . . , x n ) : x ∈ X} − co{(1, y, . . . , y n ) : x ∈ Y }
is fulfilled if and only if in X ∪ Y there exists an ordered system of points t
Proof. The case of n = 0 is obvious. In what follows we assume that n ≥ 1.
The "only if " part. Suppose that (4.16) is true, but there is no point system as in the theorem. Then the segment [c, d] can be split by points
. . , m + 1, and 1 ≤ m ≤ n, in such a way that the consecutive intervals (x i , x i+1 ), i = 0, . . . , m, contain alternately either only points of X, or only points of Y . Let B ∈ R m+1 be the coefficient vector of the polynomial
Choosing the sign of b appropriately, we can arrange that this polynomial be negative on X and positive on Y . Consequently, we have
We write this in the form 
The difference of two compact convex set is a compact convex set itself. Therefore, by the separation theorem (see [ 
This yields the inequality
which can be written in the form
Since the sets X and Y are closed, (4.20) shows that α < β. It follows that the signs of the polynomial P n (A * , t) − γ at the points {t i } i=1,...,n+2 alternate, in accordance with the property of these points indicated in the lemma. Therefore, this polynomial has at least n + 1 zeros, so that P n (A * , t) ≡ γ, contradicting (4.20). The lemma is proved. Proof. For definiteness, let
Theorem 4.4. Suppose that a vector
Then formulas (3.1)-(3.4) take the form 
is equivalent to the fact that In [9] it was shown that the uniqueness (or nonuniqueness) of a solution of problems (1.2)-(1.3) about outer and inner estimates of an s.f. by a polynomial strip depends on the properties of the s.f. to be estimated, including differential properties. Simple examples tell us that problem (1.1) may fail to have a unique solution.
Let D ⊂ R
m be a set, and let
be the projections of D to the corresponding coordinate subspaces. The next statement is verified easily. 
Lemma 5.1. If D is a convex set such that
Proof. Denote
Formulas (4.7), (4.8) for the subdifferentials of ρ(A) and π(A) (implied by (3.1)-(3.4)) show that
(n + 1)), i.e., in accordance with (5.1),
we prove that
Suppose the contrary. Then either O n / ∈ p D, or O n is a boundary point for p D. Since the set p D is convex, we can apply the separation theorem in the first case and the support plane theorem in the second case to show (see [2, Chapter I, §1] ) that there exists a vector B = O n such that
Plugging the corresponding elements of p D in place of p d in (5.5) and using (5.3), we get
If we take A = (0, b 1 , . . . , b n 
. . , b n ), for the role of the coefficient vector, then (5.6) and (5.7) take the form
Now we consider the behavior of the polynomial P n (A, t) along the sequence of pairs of points {t
. Then, using inequalities (5.8), (5.9) and conditions 1)-2), and arguing as in the proof of Theorem 4.2, we obtain
n+1 ). Now, using relations (5.11), (5.12) and Lemma 5.1, we see that
This means (see [2, Chapter II, §5] ) that A * is a unique solution of the convex programming problem (2.2), whence by Theorem 2.1 it follows that the pair (A * , r * ) with r * = (ρ(A * )−π(A * ))/2 is a unique solution of problem (1.1). The theorem is proved. Now we use Theorem 5.1 to obtain a uniqueness condition for a solution in a form comparable to the Chebyshev alternance.
Theorem 5.2. Given a coefficient vector A
* , suppose that 1) the strict ρπ-alternance occurs for A * ,
Proof. Suppose that the strict ρπ-alternance is realized along a sequence
, and that
We build a sequence of n + 1 pairs {t
..,n+1 in the same way as in the proof of Theorem 4.3. Then, using condition 2), it is not hard to check that this sequence of pairs satisfies the assumptions of Theorem 5.1. Conditions 1)-3 
5.2.
and put Proof. So, suppose that the pair (A * , (ρ(A * ) − π(A * ))/2) is a solution of (1.1). 
For definiteness, let r R
. Therefore, the shift of the graph is accompanied by the corresponding change of the values of functions:
, and by Theorem 2.1 we see that the pair (A δ , r δ ) is also a solution of problem (1.1).
2. Now it is easy to make the corresponding conclusions in the other cases by analogy. 
5.3.
We mention some properties of a solution of problem (1.1) in the case of nonuniqueness.
We denote [r
We are interested in the properties of the map
. Note that, in accordance with this notation,
The behavior of the functions ρ(A) and π(A) on the set of solutions of (1.1) can be described as follows.
Proof. Indeed, by Theorem 2.1, for r ∈ [r − , r + ] and A ∈ Ω ϕ (r) we have
which yields (5.15). 
Arguing as in [14, Chapter VI, §8, item 2], we can show that α i > 0 for all i = 1, . . . , n+2. After that, it remains to observe that system (5.17), linear in α i , has a unique solution continuous with respect to the right-hand side. Consequently, there exists δ > 0 such that, for any ε ∈ R n+1 with ε < δ, the system 
Therefore, formulas (3.1)-(3.4) yield
Since the pair ( p A, r) is a solution and (5.18) is true, Theorem 3.1 ensures that the ρπ-alternance occurs for p A: in the set
and define the following function on T :
Then on the collection of points {t i }, i = 1, . . . , n + 2, this function changes its sign consecutively; hence, we have ( 
Therefore, by formulas (3.1)-(3.4) and (5.18), we have
Thus, from (5.16) and (5.20) we obtain the relation
Since the function ϕ(A, r) is convex with respect to A ∈ R n+1 , the last relation implies (see [2, Chapter II, §5, item 2]) that p A is a unique point of minimum for the function ϕ(A, r) with respect to A, for a given fixed r. So, we have proved that the map Ω ϕ (r) is one-valued for r ∈ (r − , r + ). The facts that it is one-valued for r = r − and r = r + , and also continuity, follow easily from the convexity of the set of all solutions and from what has already been checked. The theorem is proved.
The next statement is a consequence of Theorems 5.3 and 5.5 and the fact that the set of all solutions is convex. Choose a segment [c, d] arbitrarily, take the graph of an arbitrary polynomial P n (A, t) for the role of the axis of a polynomial strip, and fix r > Δr > 0 arbitrarily. Then we should place the graph of f 1 (t) in the strip [P n (A, t) − r − Δr, P n (A, t) − r + Δr], and the graph of f 2 (t) in the strip [P n (A, t) + r − Δr, P n (A, t) + r + Δr] for t ∈ [c, d]. The graphs should touch the boundaries of there strips at points of the sets R ρ i (A) and R π j (A) given beforehand (and only at such points). The following conditions should be satisfied:
if t ∈ R ρ 1 (A), then f 1 (t) = P n (A, t) − r − Δr, f 2 (t) < P n (A, t) + r + Δr; if t ∈ R ρ 2 (A), then f 2 (t) = P n (A, t) + r + Δr, f 1 (t) > P n (A, t) − r − Δr; if t ∈ R π 1 (A), then f 2 (t) = P n (A, t) + r − Δr, f 1 (t) < P n (A, t) − r + Δr; if t ∈ R π 2 (A), then f 1 (t) = P n (A, t) − r + Δr, f 2 (t) > P n (A, t) + r − Δr; if t ∈ R ρ 3 (A), then f 1 (t) = P n (A, t) − r − Δr, f 2 (t) = P n (A, t) + r + Δr; if t ∈ R π 3 (A), then f 1 (t) = P n (A, t) − r + Δr, f 2 (t) = P n (A, t) + r − Δr. With such a construction, obviously, ∈ ∂ρ(A) + ∂π(A), and hence, the vector A is not optimal also in this case.
6.2. Now we show that, in general, the sufficient conditions given in Theorem 4.2 are not necessary. Thus, O 2 ∈ int(∂ρ(A) + ∂π(A)), which implies not only the optimality of the vector A, but also its uniqueness. Simultaneously, we have shown that the entire set of conditions 1)-4) of Theorem 5.1 is not necessary for the uniqueness of a solution.
6.3. Now we present an example where the solution is nonunique, but the width of the optimal polynomial strips for different coefficient vectors is one and the same. 
